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I. INTRODUCTION
The discovery of the accelerated expansion of the late-time universe was the starting point of a wide spectrum of different theoretical constructions which aim is to provide a reasonable explanation of this acceleration. The simplest qualitative possibility for such construction is to consider a gravitational modification of General Relativity (GR), as compared with the introduction of extra, exotic dark components of the energy in an ordinary GR scheme. There are a number of different candidates which qualify for gravitational alternatives of dark energy (a general review of those theories can be found in [1] ). Recently, as a new key proposal for dark energy, non-local gravitational theories have been considered [2, 3, 4] . It has been demonstrated that some versions of these non-local gravities, which depend on the curvature and its (inverse) derivatives only, are definitely able to pass the Solar System tests [2, 3] . A scalar-tensor representation for such theories has been developed too [3] , making explicit the connection with local gravities. Furthermore, the possibility to construct a unified description of the early-time inflation epoch with the late-time acceleration period becomes quite natural in such theories [3] (for related, string-inspired non-local theories with scalars as dark-energy models, see also [5] and the references therein).
In this paper we study classical and quantum aspects of the non-local Gauss-Bonnet gravities introduced by some of the present authors in [4] , in the de Sitter space. Their massive and scalar-potential versions are proposed, and their relation with local string-inspired scalar-Gauss-Bonnet gravity will be investigated. Using the above equivalence, the corresponding de Sitter solution with a constant scalar field will be explicitly constructed. The Chameleon scenario for this theory will be investigated too, and it will be shown that the theory under consideration passes the local tests (Newton's law, absence of instabilities). The one-loop effective action for the theory under discussion (again, using its equivalence with the local version) will be explicitly evaluated on the de Sitter space. The corresponding effective action is then explicitly obtained by using zeta-regularization, and it is used in the important discussion of the induced cosmological constant. Finally, some different version of massive non-local GB gravity, which may also be presented as a local multi-scalar-GB theory, is proposed. A classical, multiple de Sitter solution of this theory is found, where one of the de Sitter points can serve for the description of the inflationary epoch, while the other de Sitter solution, with much smaller value of the corresponding Hubble parameter, can be used for the description of the late-time acceleration period.
II. NON-LOCAL MODIFIED GAUSS-BONNET GRAVITY AS STRING-INSPIRED SCALAR-GAUSS-BONNET THEORY
We consider the non-local Gauss-Bonnet (GB) model introduced in [4] ,
where S m is the matter action, R the scalar curvature, G the Gauss-Bonnet invariant, and the d'Alembertian operator in the metric g ij , with determinant g. Finally, κ is related to the Newton constant G by κ 2 = 8πG/c 3 . By introducing the scalar field φ, one can rewrite the action (1) in a local form, namely
In fact, one of the field equations of the latter action gives φ = − κ 2 a −1 G. By substituting this expression into (2), one obtains (1) . Note that the action (2) corresponds to string-inspired scalar GB gravity, which was proposed as a dark energy model in Ref. [6, 7] .
For the sake of generality, we add a potential V (φ) to the Lagrangian density in (2) , that is
If we eliminate φ by using the field equation
a G, we obtain a rather untractable non-local theory (here and in the following V ′ , V ′′ mean derivatives with respect to the argument). There is however a simple case, that is
where a mass term is present, which, typically, may be thought of as a non-perturbative string correction. In case of (4), by eliminating the scalar field φ, we obtain
Coming back to action (3) , by assuming the metric to be the FRW one, with flat spatial section, and φ to depend on the cosmological time only, the equations of motion-neglecting for simplicity the contribution due to matter-read
As usual, H = H(t) represents the Hubble parameter and the dot, as inḢ,φ, means derivative with respect to the cosmological time. If we further restrict to de Sitter space, that is, if we take H = H 0 and φ = φ 0 to be constant, we obtain
Thus, we see that there is always a de Sitter solution if the potential satisfies the condition (7) for a specific value of φ. For example, if V is a mass term as in Eq. (4), then from (7) we get
As a second-non trivial-example we consider the potential
with positive constants V 0 and q 0 . The model has a de Sitter solution, where
In [4] it has been shown that a classical de Sitter solution exists in the absence of the potential, too, but in such case the background field φ is a time-dependent function. Extending this formulation one can construct de Sitter solution with time-dependent scalars also in the presence of the potential. However, such solutions will not be discussed here, due to fact that we are primarily interesting in the quantum properties of non-local modified GB gravity on the de Sitter background with constant scalars.
III. CHAMELEON SCENARIO IN NON-LOCAL MODIFIED GAUSS-BONNET GRAVITY
Many dark energy models generically include propagating scalar modes, which might render a large correction to Newton's law, if the scalar field couples with usual matter. In order to avoid this problem, a scenario called the Chameleon mechanism has been proposed [8, 9] . In this scenario, the mass of the scalar mode becomes large due to the coupling with matter or the scalar curvature in the Solar System and/or on the Earth. Since the range of the force mediated by the scalar field is given by the Compton length, if the mass is large enough-and therefore the Compton length is short enough-the correction to Newton's law becomes very small and it cannot be observed. The Chameleon mechanism has been used to obtain realistic models of F (R)-gravity [11, 12, 13] . In this section, we are going to consider the variant of the Chameleon mechanism which is generated by the coupling of the scalar field with the GB invariant in the action. A mechanism of this kind has been proposed in [7] . As we have shown, the non-local GB theory can be rewritten as a model with a scalar field coupled with the Gauss-Bonnet invariant. Then, the Chameleon mechanism could work in a theory of this class, which we will investigate in the present section.
For the action (3) the mass of the field is given by
Here φ e is the background value of φ in a local region, like on the Earth or the entire Solar System. In the relevant region in which we are investigating the possible corrections to Newton's law, the curvature and the background scalar field could be almost constant. Then the equation given by the variation of the action (3) with respect to φ takes the following form:
Here, G e is the background value of G. For example, on the Earth, we find that G e ∼ 10 −71 eV 4 . For the model (4) the mass (11) is given by
Since H 0 ∼ 10 −33 eV and 1/κ ∼ 10 28 eV, by using (7) we find
In order that the Compton length could be 1 µm, that is, m φ ∼ 1 eV, we find that a ∼ 10 −308 , which is very small but, anyway, the Chameleon mechanism could perfectly work.
For the model (9) Eq. (12) has the form:
and the mass (13) is given by
Then, by using (10), we find
Thus, when a ∼ 10 −248 the Compton length could be 1 µm. For a different example, we can now consider the following model,
Here V 0 and β are positive constants, and α is a constant. As long as φ > α, V (φ) is a positive and smooth function of φ. In this case, Eqs. (6) have the following form
By eliminating H 0 in the two above equations (19), we obtain
which can be solved as follows:
Since φ + > φ − , as long as α < 0, we find φ ± > α. Then, V (φ ± ) is surely positive and therefore there are two de Sitter solutions where the Hubble rate is given by
The smaller one could be identified with the present acceleratedly expanding universe and the larger one, with the inflation epoch in the early universe. We should note that, since there is no singularity in V (φ) for φ − < φ < φ + , the two solutions are connected smoothly and, therefore, the transition from the inflationary era to the Dark Energy universe is possible, in principle. On Earth or at the Solar System scale, Eq. (12) acquires the following form:
which could be solved with respect to φ e . The mass (13) is given by
We can conveniently choose the parameters so that m 2 φ becomes large enough in order not to give any measurable correction to Newton's law.
We have thus shown that the Chameleon mechanism can actually work even in the new situation when we deal with a non-local GB theory which is equivalent to a local scalar-Einstein-GB theory, where the scalar field couples with the Gauss-Bonnet invariant. There, even though the non-local GB theory contains a scalar mode, this scalar mode does not provide any observable correction to the Newtonian law and, thus, a theory of this kind could emerge as a perfectly viable theory. Moreover, as we were able to see, the possibility to unify early-time inflation with late-time acceleration becomes quite natural in this context, what is an added bonus worth mentioning. Note also that the understanding of the equivalence principle in modified gravity [10] may be somehow different from its standard formulation.
IV. ONE-LOOP EFFECTIVE ACTION IN THE NON-LOCAL GAUSS-BONNET GRAVITY ON DE SITTER SPACE
Here we discuss the one-loop quantization (for a review see Ref. [14] ) of the classical models we will be dealing with here, on a maximally symmetric space in the Euclidean approach. One-loop contributions can be important, especially during the inflationary phase. In any case, as it was shown in [15] , their analysis also provides an alternative method to study the stability with respect to non-homogeneous perturbations around de Sitter solutions in modified gravitational models, in agreement with [16, 17] .
We start with the non-local GB-gravity related to the generalized model in (3) . For the sake of simplicity, in the present section we will neglect the matter action S m , since it is irrelevant for our aims, and we shall use units in which the speed of light c = 1 and the Newton constant 16πG = 1. Our analysis is going to be very general: we will consider a non-minimal interacting term between the scalar and gravity of the form f (φ)G, with f being an arbitrary function. In this way, the model is described by the (Euclidean) action
When f is a constant, this action reduces to Einstein's gravity minimally coupled to the scalar field.
In accordance with the background field method, now we consider the small fluctuations of the fields around the de Sitter manifold (ĝ ij , φ 0 ), of the kind
This is a classical solution if the potential satisfies the conditions
and perform a Taylor expansion of the action around the de Sitter manifold, up to second order in the small perturbations (h ij , ϕ). Before we proceed with the expansion, it is convenient to write the action in order to take into account the fact that G is a topological invariant. Then we observe that the non minimal interacting term between gravity and the scalar field, around the background solution, can be written in the form
Here G 0 = R 2 0 /6 is the value of the Gauss-Bonnet invariant evaluated on the de Sitter background. We note that the first term on the right hand side of the latter equation does not give contributions to the classical field equations and can be dropped out, while the second, proportional to G 0 , modifies the scalar potential. Then, for our aim it is convenient to write the classical action (25) in the final form
where we have introduced the effective potential
One can check that action (30) is equivalent to the original one (2) when f (φ) = φ.
We are now ready to perform the expansion. In the following we will use the compact notationṼ
, and so on. After a straightforward computation, along the same lines as for one-loop F (R)-gravity [18] , one obtains
where L 2 represents the quadratic contribution in the fluctuation fields (h ij , ϕ). Disregarding total derivatives, this reads
Here ∇ k and ∆ =ĝ ij ∇ i ∇ j represent the covariant derivative and the Laplace operator, respectively, in the unperturbed metricĝ ij . We have also carried out the standard expansion of the tensor field h ij in irreducible components [14, 19] , that is
where σ is the scalar component, whileξ i andh ij are the vector and tensor components, respectively, with the properties
As is well known, invariance under diffeomorphisms renders the operator in the (h, σ) sector non-invertible. One needs a gauge fixing term and a corresponding ghost compensating term. We consider the class of gauge conditions
parameterized by the real parameter ρ. As gauge fixing, we choose the quite general term [14] 
where the term proportional to γ is the one normally used in Einstein's gravity. The corresponding ghost Lagrangian reads [14] 
where C k and B k are the ghost and anti-ghost vector fields, respectively, while δ χ k is the variation of the gauge condition due to an infinitesimal gauge transformation of the field. It reads
Neglecting total derivatives one has
where we have set
In terms of irreducible components, one finally obtains
where ghost irreducible components are defined by
In order to compute the one-loop contributions to the effective action we have to consider the path integral for the bilinear part
of the total Lagrangian, and take into account the Jacobian due to the change of variables with respect to the original ones. In this way, the Euclidean one-loop partition function reads [14, 19] 
where J 1 and J 2 are the Jacobians coming from the change of variables in the ghost and tensor sectors, respectively. They read [14]
Finally, the determinant of the operator G ij , acting on vectors assumes, in our gauge, the form
while it is trivial in the simplest case β = 0. By ∆ n (n = 0, 1, 2) we indicate the Laplacians acting on scalar, vector, and transverse tensor fields, respectively. Now, a straightforward computation, disregarding zero gravity modes and the multiplicative anomaly as well ([20] )), leads to the expression of the one-loop contribution Z
(1) (γ, β, ρ) to the Euclidean partition function. It is a quite involved expression, which depends on the gauge parameters, and for this reason we will only write it explicitly in the Landau gauge corresponding to the choice γ = ∞, β = 0, ρ = 1. Onshell, Z (1) (γ,β,ρ) is independent of the gauge and it is compatible with a similar expression obtained in [19] for Einstein's theory with a cosmological constant Λ 0 = Λ = R 0 /4, but in presence of a scalar field. In fact, we get
The latter term is due to the scalar field, but it also depends on the coupling with the Gauss-Bonnet invariant. It has to be noted that the on-shell partition function is obtained by imposing conditions (27) and G = R 0 /6. The latter condition in the expression of the gauge-dependent one-loop partition function is equivalent to dropping all terms proportional to f ′ 0 . Now, we explicitly write the off-shell partition function in Landau's gauge. It reads
The quantities q 1 , q 2 , q 3 , which depend in general on Λ, are the roots of the third-order algebraic equation
where
, ,
.
The one-loop effective action can now be evaluated by making use of zeta-function regularization, and actually computing the zeta-functions ζ(s|L n ) related to the differential-elliptic Laplace-like operators L n [21] . Using the same notations as in Ref. [18] , we have (see the Appendix)
and α 0 = 9/4, α 1 = 13/4, α 2 = 17/4. The effective equation for the induced cosmological constant can be obtained by varying the effective action with respect to Λ [19] . We would now like to study the role of the Gauss-Bonnet term. For the sake of simplicity, we choose a scalar potential satisfying the conditionsṼ ′ 0 = 0,Ṽ ′′ 0 = 0. This means that, in the absence of the G term, namely when f (φ) = 0, the potential is constant and the action becomes the Einsteinian one with a cosmological constant Λ 0 = V 0 /2, while, when f (φ) = φ, there is a coupling of the form φ(G − G 0 ).
We consider separately the two cases f (φ) = 0 and f (φ) = φ. In the first case we get q 1 = 6Λ 0 /Λ, while q 2 = q 3 = 0 and so they do not give a contribution. Thus, we get
Here we have introduced the dimensionless variable y = Λ 0 /Λ > 0, so the effective equation for the induced cosmological constant Λ can be obtained by taking the derivative of the effective action with respect to y, since
where I is the classical action on the S 4 background, which reads
From (A4) and (A5) we get
For the first case, at lower order in y, from (56) we obtain the equation
In the second case we also have vector and tensor contributions, as in the previous one but, in addition, we get three scalar contributions related with the roots of (50). Using (52) and (56), at lowest order in y we obtain 0 ∼ 96π
In Figs. (1) and (2) we have plotted the right hand sides of Eqs. (59) and (60), respectively, as functions of y, for two different sets of values of the parameters. Notice that the zeros of these functions correspond, in each case, to a zero value of the induced cosmological constant. Aside from the cases here explicitly depicted, it can be easily seen that in our effective models the possibilities to get an induced cosmological constant which is exactly zero are reasonably high, since for values of the parameters lying in wide regions of the domain of expected values, either one or two roots of the equations exist, yielding the value of the induced cosmological constant exactly zero. As is well known [19] , there is a possible resolution of the the induced Λ-term problem coming from the contribution of higher-loop terms. This is explained in [19] precisely in the example of an effective action in pure Einstein gravity for a de Sitter background: one can get a very small effective Λ term irrespective of the tree level cosmological constant. But an even better possibility is to start from a zero tree level cosmological term, since quantum corrections will respect this property. We see that in our model there are good chances to realize this latter situation. One remark is in order. We got the one-loop effective action for non-local GB gravity using its classical equivalence with local scalar-GB gravity and working in terms of such local theory. It is quite well-known that such classical equivalence may be broken already at one-loop level. However, the equivalence is restored on-shell, i.e. using the one-loop corrected equations of motion. That is precisely the situation in which the induced cosmological constant has been here discussed. Now, we come back to the original action (2) with V (φ) = 0 and f (φ) = φ, which is equivalent to the non-local action (1) . Also for this case there is a de Sitter solutionĝ ij , φ 0 , but φ 0 is not a constant. This means that the term Gf (φ 0 ) in (29) cannot be dropped out and, thus, it gives a contribution to L 2 . In principle, it is possible to take such contribution into account, but technically this is quite complicated, since it contains a lot of independent terms which mix scalar with vector and tensor components, so that the partition function is given in terms of the determinant of an involved 5 × 5 matrix of differential operators.
When V (φ) = 0 the original model has, however, a Minkowskian solution. This means that, using (52) with V (φ) = 0, we can compute the cosmological constant induced by quantum fluctuations around the Minkowski background, and this may be interpreted as the spontaneous creation of a de Sitter universe starting from a flat one, which is a quite interesting feature. 
V. OTHER CLASSICAL NON-LOCAL GB MODELS AND THEIR DE SITTER SOLUTIONS
Another model giving rise to an interesting non-local action is the following
where a is a dimensional constant and F (G) is an adequate function of G. By introducing three scalar fields, φ, ξ, and η, one can rewrite the action (61) under the following form
We may further add a potential V (φ) to the action
In the FRW universe, this action leads to the following equations
However, after adding the potential V (φ), it is difficult to get the corresponding non-local action explicitly. When V (φ) = 0, assuming that φ = c φ t, η = η 0 , ξ = c ξ t, and H = H 0 , with constant c φ , η 0 , c ξ , and H 0 , the equations in (64) reduce to the algebraic ones
We can solve Eqs. (65) with respect to c φ , c ξ , and η 0 as follows:
, and we find
Here G 0 = 24H 4 0 . For example, if we choose
(66) gives
which has a trivial solution G 0 = 0 corresponding to the flat background and
which corresponds to the de Sitter universe. As another example, one can choose
Here g 0 , g 1 , and g 2 are positive constants. In order that F (G) can be real, we restrict the value of G as −g 1 < G < g 2 . Then Eq. (66) yields
which can be solved as
which are positive, provided a < 0, what we will assume in what follows. In order that −g 1 < G 0 ± < g 2 , we find
Then, as long as Eq. (73) is satisfied, there are two solutions describing a de Sitter universe. By choosing a more general F (G), we may possibly find there can be several of these solutions corresponding to de Sitter universes, of which the solution with the largest value of H 0 could perfectly correspond to the inflation epoch and the one with the smallest H 0 to the accelerated expansion period of our present universe. Note that, in the model (70), as far as Eq. (73) be satisfied, there is no singularity, say at G = 0. Thus, a smooth transition could occur and there exists a true possibility to realize matter dominance before late-time acceleration. It is also possible to evaluate the one-loop effective action for the above theory, too, but the technical details of the calculation are quite involved in this case.
VI. DISCUSSION AND CONCLUSIONS
In summary, we have studied in this paper non-local GB gravity in its classically-equivalent local scalar-GB form, with a scalar potential. The classical de Sitter solution was obtained for the model with one scalar, as well as for the model with several scalars. In the last case, the multiple de Sitter solution encountered can be used for the unification of the early-time inflationary epoch with the late-time accelerating one (where an unstable de Sitter point should be considered for the inflationary epoch). The Chameleon scenario for non-local GB gravity has been presented and it has been shown that the theory discussed here satisfies the local gravitational tests (Newton's law).
The one-loop effective action for the theory under investigation has been calculated on the de Sitter background. Its explicit representation, in terms of a zeta-regularization scheme, gives us the possibility to determine, in all precision, the induced cosmological constant. It could well happen in this context that, as a result of the quantum corrections, such induced cosmological constant could eventually tend to zero, thus providing a natural solution to the elusive cosmological constant problem.
As a first application of the results obtained in this work, it is quite interesting to observe that it becomes a rather immediate issue to investigate the stability of our model around the de Sitter solution. This is in fact necessary, in order to demonstrate that the de Sitter space is unstable, and most naturally provides a consistent, graceful exit from the inflationary era. However, that of taking into account infrared quantum gravity effects and the leading log approximation may eventually be a relevant issue, in order to construct the quantum gravity-induced inflationary universe (see e.g. [22] ). To this aim, it is sufficient to require that the Laplace-like operators appearing in the on-shell, one-loop partition function (48) be positive operators [15] . As a result, we getṼ
For the linear case f (φ) = φ, this condition reduces to V ′′ 0 > 0, and this is certainly satisfied by the two potentials discussed in Sect. II.
The general, one-loop effective action on the de Sitter space we have found in this paper can be used as the basis for the search of the non-trivial RG fixed point in the functional, exact RG approach to stringinspired, scalar-GB gravity, in the same way as in scalar-Einstein/gauged SG theories [23] , with account to higher-derivative invariants [24] (in our case, the GB term). Finally, the one-loop calculation performed here is central to the subsequent investigation of the cosmological perturbation theory in non-local gravities.
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APPENDIX A: EVALUATION OF THE FUNCTIONAL DETERMINANTS
We will here make use of zeta function regularization (see, for example, [21] ) for the evaluation of the functional determinants appearing in the one-loop effective action, Eq. (49) computed in the previous sections. We shall first outline the standard technique based on binomial expansion, which relates the zetafunctions corresponding to the operatorsÂ, with eigenvaluesλ n > 0 and A = R0 12 (Â − α), with eigenvalues λ n = R0 12 (λ n − α), α being a real constant. With this choice,λ n and α are dimensionless. We assume to be dealing with a second-order differential operator on a D dimensional compact manifold. Then, by definition, for ℜs > D/2 one hasζ
where, as usual, zero eigenvalues have to be excluded from the sum. In order the binomial expansion in (A2) to be meaningful, we have to treat separately the several terms satisfying the condition |λ n | ≥ |α|. So, we write
N 0 being the number of zero-modes. It needs to be noted that (A3) is valid also in the presence of zero-modes or negative eigenvalues for the operator A. In many interesting cases, F α (s) andF (s) are vanishing and thuŝ G(s) =ζ(s).
As is well known, the zeta function may have simple poles on the real axis for s ≤ D/2 but it will be always regular at the origin. Of course, the same analytic structure is also valid for the functionĜ(s). One has
J(s) being an analytic function andK n the heat-kernel coefficients which depend on geometrical invariants. In the physical applications we want to deal with, we have to work with the zeta function and its derivative at zero; thus, it is convenient to consider the Laurent expansion around s = 0 of the functions
From previous considerations, one obtains
and finally
ζ ′ α (0) = −ζ α (0) log
γ being the Euler-Mascheroni constant. If there are negative eigenvalues then F ′ α (0) has an imaginary part, which points out to an instability of the model.
In the paper we have to deal with Laplace-like operators acting on scalar and constrained vector and tensor fields in a 4-dimensional de Sitter space SO (4) . In all such cases, the eigenvalues λ n and relative degeneracies g n can be written in the form λ n = R 0 12 λ n − α , g n = c 1 (n + ν) + c 3 (n + ν) 3 ,λ n = (n + ν) 2 ,
where n = 0, 1, 2... and c 1 , c 2 , ν, α depend on the operator in question. In our case, we have 
where q are dimensionless parameters depending on the specific choice of f (R). We note thatζ(s) is related to the well known Hurwitz function ζ H (s, ν) bŷ 
n being the number of terms not satisfying the conditionλ n > |α|. In order to proceed, we have to compute the quantitiesb k andâ k , for k = 0, 1, 2. To this aim, we note that the Hurwitz function has just a simple pole at 1, more precisely,
ψ(s) being the logarithmic derivative of Euler's gamma function. After a straightforward computation, we getb 0 =ζ(0) = c 1 ζ H (−1, ν) + c 3 ζ H (−3, ν) ,
Using (A14), we obtain
To conclude we would like to remark that in (A4) and (A5) it is not strictly necessary that λ n < α. In principle one can add up an arbitrary number of terms, with the only restriction that λ n = α, and all expressions we have derived here will be still valid. This means thatn is allowed to be an arbitrary number. In this way, the convergence of the series in (A26) can be improved at will, which is a very nice feature of the procedure.
